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Considering generalised action for dilaton coupled Maxwell–Einstein theory in four dimensions, Gao and
Zhang obtained black holes solutions for asymptotically anti de Sitter (Ads) and de Sitter (ds) spacetimes.
We study the Hawking radiation in Parikh–Wilczek’s tunneling formalism as well as using Bogoliubov
transformations. We compare the expression of the Hawking temperature obtained from these two
different approaches. Stability and the extremality conditions for such black holes are discussed. The exact
dependences of the Hawking temperature and ﬂux on the dilaton coupling parameter are determined. It
is shown that the Hawking ﬂux increases with the dilaton coupling parameter. Finally we show that
the expression for the Hawking ﬂux obtained using Bogoliubov transformation matches exactly with ﬂux
calculated via chiral gauge and gravitational anomalies. This establishes a correspondence among all these
different approaches of estimating Hawking radiation from these classes of black holes.
© 2010 Elsevier B.V. Open access under CC BY license.1. Introduction
Hawking radiation from black holes [1,2] is known to be a
quantum phenomena. Parikh and Wilczek viewed this as a quan-
tum tunneling of particles through black hole horizon [3–5]. En-
ergy conservation as well as particle’s self-gravitation effects are
taken into account in this approach. Introducing Painlevé coor-
dinate transformation, which is well behaved across the horizon,
Parikh and Wilczek found a generic relation between the entropy
change and the tunneling rate which is valid for a large class of
black holes. In an alternative approach, Bogoliubov transformation
is used in two different coordinates (such as Kruskal coordinates
and asymptotic coordinates) to compute the coeﬃcients of the en-
ergy modes. In this approach, neglecting the back scattering effect
and normalising Bogoliubov coeﬃcients, the leading thermal char-
acteristic of Hawking radiation has been derived. In yet another
approach the Hawking ﬂux has been evaluated via chiral gauge
and gravitational anomalies from a covariant boundary condition.
Equivalence of these approaches in respect to thermodynamic be-
haviour of black holes has been an important area of study. There
have been several works in recent times to explore Hawking ra-
diation for different kinds of black holes using these approaches
[6–44].
* Corresponding author at: Department of Physics, Ranaghat College, District Na-
dia, Pin-741201, India.
E-mail addresses: tanwi.ghosh@yahoo.co.in (T. Ghosh), tpssg@iacs.res.in
(S. SenGupta).0370-2693 © 2010 Elsevier B.V.
doi:10.1016/j.physletb.2010.12.016
Open access under CC BY license.Meanwhile Gao and Zhang found the dilaton coupled de Sitter
and anti de Sitter black hole solutions using appropriate Liouville
type potential for the dilaton ﬁeld. Dilaton coupled black hole has
it’s origin rooted into string theory which in the low energy effec-
tive ﬁeld theory appears naturally with a dilaton-electromagnetic
coupling. Anti de Sitter spacetime has received interest in the con-
text of Ads/Cft correspondence [45–47] and also in brane world
scenarios of Randall–Sundram model [48]. Our objective here is to
study Hawking radiation for the class of black holes using quantum
tunneling procedure, computing Bogoliubov coeﬃcients as well as
estimating gauge and gravitational anomalies to compare the lead-
ing thermal behaviour of radiation spectrum. Our results establish
the equivalence of these descriptions of Hawking radiation. The
dilaton coupling parameter is shown to enhance the Hawking ﬂux
signiﬁcantly.
2. The model
The action describing dilaton black hole in both de Sitter and
anti de Sitter spacetime can be expressed as follows [49]:
S =
∫
d4x
√−g[R − 2∂μϕ∂μϕ − e−2αϕ F 2 − V (ϕ)] (1)
where V (ϕ) = −2λ
3(1+α2)2 [α2(3α2 − 1)e
−2ϕ
α + (3 − α2)e2αϕ +
8α2eϕα−
ϕ
α ] is the dilaton potential for anti de Sitter black holes,
ϕ is the dilaton ﬁeld. α represents coupling parameter of the scalar
ﬁeld with Maxwell ﬁeld Fμν and λ is the cosmological constant.
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stant has been discussed in [49] where starting from a dilaton
de Sitter metric in cosmic coordinate system a scale factor a = eHt
was obtained with H as the Hubble constant. Replacing H2 = λ3 ,
dilaton anti de Sitter/de Sitter black hole solution has been pro-
duced.
3. Hawking Radiation by uncharged particle tunneling from
dilaton anti de Sitter black hole
Considering the general action describing dilaton ﬁeld coupled
to electromagnetic ﬁeld in presence of three Liouville type poten-
tials, Gao and Zhang obtained dilaton black hole solutions in both
de Sitter and anti de Sitter spacetime. Here we study the phenom-
ena of particle tunneling across the dilaton anti de Sitter black hole
which is described by the metric [49],
ds2 = − f (r)dt2s + g(r)dr2 + h(r)
[
dθ2 + sin2 θ dφ2] (2)
= −
[(
1− r+
r
)(
1− r−
r
) (1−α2)
(1+α2) − λ
3
r2
(
1− r−
r
) 2α2
(1+α2)
]
dt2s
+
[(
1− r+
r
)(
1− r−
r
) (1−α2)
(1+α2)
− λ
3
r2
(
1− r−
r
) 2α2
(1+α2)
]−1
dr2
+ r2
(
1− r−
r
) 2α2
(1+α2)
dΩ (3)
The event horizons of the black hole r+ , r− , electromagnetic charge
Q and asymptotic value of dilaton ﬁeld ϕ0 are related through
e2αϕ0 = r+r−
(1+α2)Q 2 for arbitrary α. For α = 1, the expressions of f (r)
and h(r) for both dilaton anti de Sitter and de Sitter black hole
having mass M and dilaton charge D = Q 2e2ϕ02M respectively take
the following form
f (r) = 1
g(r)
= 1− 2M
r
− λ
3
r(r − 2D) (4)
f (r) = 1
g(r)
= 1− 2M
r
− H2r(r − 2D) (5)
and
h(r) = r(r − 2D) (6)
Consider a tunneling particle with energy ω and charge e across
such a dilaton anti de Sitter black hole such that the total energy
of the system comprising of the black hole and the particle is con-
served.
As the anti de Sitter Painlevé coordinates have the same ge-
ometry as global anti de Sitter metric of constant time slices, we
choose the following Painlevé-type coordinate transformation [40].
dts = dt −
√
g(r) − 1
f (r)
dr (7)
After this transformation line element (2) can be written as
ds2 = − f (r)dt2 + 2√ f (r)√g(r) − 1dt dr + dr2
+ h(r)(dθ2 + sin2 θ dφ2) (8)
The advantage of Painlevé coordinate transformation is that none
of the components of the metric or the inverse metric diverge. Theradial velocity of the outgoing particle in such a coordinate is ob-
tained as
r˙ =√ f (r).g(r)(1−
√
1− 1
g(r)
)
(9)
During particle tunneling black hole mass M should be replaced
by M −ω. Following Parikh–Wilczek tunneling formalism [3–5,40],
the imaginary part of the action for an outgoing particle crossing
the horizon of the black holes can be written as
Im I = Im
rh(M−ω)∫
rh(M)
pr∫
0
dp′r dr (10)
where within the integration we have used p′r for canonical mo-
mentum conjugate to radial variable r. Considering particle’s self-
gravitational effect [50,51] and using Hamilton’s equations we cal-
culate the radial velocity in the dragged frame. In this frame, by
an appropriate transformation, the black hole event horizon can
be made to coincide with inﬁnite redshift surface so that WKB ap-
proximation is valid. Thus radial velocity and time derivative of
vector potential A˙t in the dragged frame become,
r˙ = dH
dpr
= d(M − ω)
dp′r
(11)
and
A˙t = dH
dp′At
(12)
where pr and H are the canonical momentum conjugate to radial
variable r and energy of the black hole respectively. Substituting
Eqs. (11) and (12) in (10), we get
Im I = Im
rh(M−ω),Q −e∫
rh(M),Q
ω∫
0
d(M − ω′, Q − e′)dr
r˙
= Im
rh(M−ω),Q −e∫
rh(M),Q
ω∫
0
(dM ′ − Q ′ dQ ′e2αϕ0r )dr
r˙
(13)
where M ′ = M − ω′ , Q ′ = Q − e, rh(M) and rh(M − ω) are the
locations of the horizon before and after the emission of particle.
Using the expression for r˙ from Eq. (9), Im I takes the form,
Im I = Im
ω,Q∫
0
rh(M),Q∫
rh(M−ω,Q −e)
dr dω′√
f (r)g(r)(1−
√
1− 1g(r) )
(14)
Now using WKB approximation the tunneling rate of the particle
can be expressed as
Γ = Γ0e−2 Im I (15)
where Γ0 is the normalisation constant. From Eq. (2), it follows
that for four-dimensional dilaton anti de Sitter black hole the func-
tion g(r) has a singularity at r = rh . Thus g(r) can be written as
g(r) = C(r)
(r − rh) (16)
where the function C(r) is regular on the horizon. Now substitut-
ing (16) in (13) and simplifying, we have the following equation,
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ω∫
0
rh(M,Q )∫
rh(M−ω,Q −e)
dr
(
dM ′ − Q
′ dQ ′e2αϕ0
rh
)
×
1+
√
1− r−rhC(r)√
f (r)g(r) r−rhC(r)
(17)
We deform the integral around the simple pole at r = rh and ob-
tain,
Im I = 2π
ω∫
0
C(rh)√
f (rh)g(rh)
(
dM ′ − Q
′ dQ ′e2αϕ0
rh
)
(18)
For such black holes, f (r) and g−1(r) are regular near the horizon.
Thus expanding f (r) and g−1(r) near the horizon, we get
f (r) = f ′(rh)(r − rh) + O (r − rh)2 (19)
g−1(r) = g′−1(rh)(r − rh) + O (r − rh)2 (20)
Again from Eq. (16) we readily obtain,
g′−1(rh) = 1C(rh) (21)
Using Eqs. (18), (19) and (20), we want to obtain the expression of
Im I from Eq. (17) which can be written as
Im I = 1
2
∫ (dM ′ − Q ′ dQ ′e2αϕ0rh )
κ(rh)
2π
(22)
where κ(rh) = ∂r f (r)2 |r=rh . To explore the thermal character of such
tunneling, we integrate Eq. (22) and obtain,
Im I = π(ω −
Q e2αϕ0
rh
)
κ(rh)
(23)
Substituting (22) in (14) we obtain the expression of the tunneling
rate as
Γ = Γ0e
−2π(ω− Q e2αϕ0rh )
κ(rh) (24)
According to Boltzmann distribution for the emission of a particle
having energy ω and charge e the emission rate of such a black
hole can be represented by
Γ = Γ0e
−(ω− Q e2αϕ0rh )
Th (25)
where Th is the black hole temperature. Comparing Eq. (23) with
(25), one can obtain the expression of temperature in terms of sur-
face gravity κ(rh) as
Th = κ(rh)2π =
∂r f (r)
4π
∣∣∣∣
r=rh
(26)
Finally particle’s tunneling probability P in this approach can be
expressed as
P = exp
(
− (ω −
Q e2αϕ0
rh
)
Th
)
(27)
Using (26), the general expression of temperature for dilaton anti
de Sitter black hole having arbitrary coupling α can be expressed
asFig. 1. Graph of temperature Th (Temp) versus cosmological constant λ (Cosm.
Const) and charge Q .
Th = 14π
[
r+r
−(3+α2)
(α2+1)
h
(
rh − (α
2 + 1)Q 2e2αϕ0
r+
) (1−α2)
(1+α2)
+ λQ
2e2αϕ0
3r+r
(α2−1)
(α2+1)
h
(
1− 3α2)(rh − (α2 + 1)Q 2e2αϕ0r+
) (α2−1)
(1+α2)
− λ
3
2r
(1−α2)
(1+α2)
h
(
rh − (α
2 + 1)Q 2e2αϕ0
r+
) 2α2
(α2+1)
]
(28)
where the location of horizon position can be determined from the
following,
(
1− r+
rh
)(
1− r−
rh
) (1−α2)
(1+α2) − λ
3
r2h
(
1− r−
rh
) 2α2
(α2+1) = 0 (29)
Considering dilaton de Sitter black holes for α = 1 having mass
M and dilaton charge D and using the transformation [49], r =
D + √x2 + D2, the expression for Th is given by
Th = 14π
[
2Mrh√
r2h + D2(D +
√
r2h + D2)2
− 2rhH2
]
(30)
where rh can be determined from
1− 2M
(D +
√
r2h + D2)
− H2r2h = 0 (31)
Near the extremal case cosmological horizon lies very near to black
hole event horizon. In the extremal case for M = D , black hole
event horizon disappears and only one cosmic horizon will survive.
For non-extremal black holes we have plotted the expression of
temperature of dilaton anti de Sitter black hole considering α = 1,
M = 1 and ϕ0 = 0 with respect to cosmological constant λ and
charge Q in Fig. 1. This ﬁgure reveals the fact that dilaton black
hole temperature increases as −λ increases as well as charge de-
creases.
In this context the location of the radius of the horizon for such
kind of black hole can be determined from the equation,
r3h −
Q 2e2ϕ0
M
r2h −
3
λ
rh + 6M
λ
= 0 (32)
We have also plotted the expression of horizon radius with respect
to cosmological constant λ and charge Q in Fig. 2. Substituting
M = 1 and ϕ0 = 0 we ﬁnd that horizon radius decreases slowly as
−λ increases.
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4. Hawking radiation from dilatonic anti de Sitter black hole
using Bogoliubov transformation
We would now like to describe Hawking radiation from a dif-
ferent approach, i.e., using Bogoliubov transformations of creation
and annihilation operators between two basis. We use mode ex-
pansions of the ﬁelds in two different coordinate systems such as
asymptotic coordinates and Kruskal coordinates. We apply normal-
isation condition between the coeﬃcients of positive and negative
energy modes and ﬁnally obtain the tunneling probability mea-
sured by an observer siting outside the horizon. Let us introduce
tortoise coordinate r∗ for black holes represented by Eqs. (4) and
(6) as
r∗ =
r∫
rh
dr′
f (r′)
= A
2a
[
ln
(
ar2 + br + n)− ln(ar2h + brh + n)]
+ C
g
[
ln
(
gr
p
+ 1
)
− ln
(
grh
p
+ 1
)]
+ (B −
bA
2a )√
a(n − b24a )
[
tan−1
(
(r + b2a )
√
a√
(n − b24a )
)
− tan−1
(
(rh + b2a )
√
a√
(n − b24a )
)]
(33)
where a = −λ3 , b = λp3 + 2Dλ3 , n = −2Mp , g = 1, A = λC3 , B = [1 −
(
2λp
3 + 2Dλ3 )C], C = p[p( 2λp3 + 2Dλ3 )+ 2Mp ] and p can be determined from
λ
3
p3 + 2Dλ
3
p2 − p − 2M = 0 (34)
Introducing null coordinates u and v as
u = t − r∗
v = t + r∗ (35)
the above dilaton anti de Sitter black hole metric (given by Eqs. (4)
and (6)) takes the form as
ds2 = − f (r)du dv + h(r)dΩ2 (36)
Using Kruskal coordinates U and V as
U = −exp(−2π Thu)
V = exp(2π Thv) (37)
where the Hawking temperature Th is deﬁned by Eq. (24), we will
getds2 = − f (r)e
−4π Thr∗
(2π Th)2
dU dV + h(r)dΩ2 (38)
Substituting the expressions of temperature, r∗ and f (r), the black
hole metric reduces in Kruskal coordinates as follows,
ds2 = −4 [1−
2M
r − λ3 r(r − 2D)]
[ 2M
r2h
− λ3 (2rh − 2D)]2
exp
[
−
(
2M
r2h
− λ
3
(2rh − 2D)
)
×
(
A
2a
[
ln
(
ar2 + br + n)− ln(ar2h + brh + n)]
+ C
[
ln
(
r
p
+ 1
)
− ln
(
rh
p
+ 1
)]
+ (B −
bA
2a )√
a(n − b24a )
[
tan−1
(
(r + b2a )
√
a√
(n − b24a )
)
− tan−1
(
(rh + b2a )
√
a√
(n − b24a )
)])]
dU dV + h(r)dΩ2 (39)
To describe quantum ﬁelds in black hole background, one requires
canonical choices of natural vacuum states. Let us deﬁne differ-
ent energy modes corresponding to ﬁelds in the vacuum. Following
[6,52], we can deﬁne the different kinds of natural modes having
frequency ω and charge e for this kind of black holes as follows,
φ+,ω = exp(−iωu) = θ(−U )(−U )
i(ω− eQ e2αϕ0rh )
2π Th (U < 0) (40)
φ−,ω = exp(iωu) = θ(U )(U )
−i(ω− eQ e2αϕ0rh )
2π Th (U > 0) (41)
and
φ1,ω = θ(−U )(−U )
i(ω− eQ e2αϕ0rh )
2π Th + C1θ(U )(U )
i(ω− eQ e2αϕ0rh )
2π Th (42)
φ2,ω = θ(U )(U )
−i(ω−eQ e− 2α ϕ0 rh)
2π Th + C2θ(−U )(−U )
−i(ω− eQ e2αϕ0rh )
2π Th
(43)
Using boundary conditions one can ﬁnd out,
C1 = C2 ≡ C = exp
[
− (ω −
eQ e2αϕ0
rh
)
Th
]
(44)
Bogoliubov coeﬃcients α and β are deﬁned as follows,
α = (φ1,ω,φ+,ω) (45)
β = (φ1,ω,φ∗−,ω) (46)
The normalisation conditions between α and β give the average
occupation number which can be simpliﬁed to the Fermi distribu-
tion function as below.
nω = 1
[exp( (ω−
eQ e2αϕ0
rh
)
Th
) + 1]
(47)
The ratio of Bogoliubov coeﬃcients thus gives the expression of
tunneling probability P as
P = |C |2 = exp
(−(ω − eQ e2αϕ0rh )
Th
)
(48)
Comparing (27) and (48) we ﬁnd the same expression of tunneling
probability with Hawking temperature Th as was obtained using
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obtained by integrating Eq. (47) for all ω as
Flux = h¯
2κ2
48π
+ e
2Q 2e4αϕ0
4πr2h
= π
12β2
+ e
2Q 2e4αϕ0
4πr2h
(49)
where 1Th = β .
5. Hawking radiation ﬂux for dilatonic anti de Sitter black hole
using chiral gauge and gravitational anomalies
In addressing Hawking radiation through yet another alterna-
tive approach, we now derive Hawking ﬂux using chiral gauge and
gravitational anomalies. In this approach, the expression of the ﬂux
of energy–momentum tensor [13] obtained in the asymptotic limit
for dilaton anti de Sitter black hole can be written as
T rt (r → ∞) =
e2
4π
A2t (rh) +
1
192π
f ′2(rh) (50)
where the form of vector potential is At = Q e2αϕ0rh . Substituting the
expression of vector potential At and f ′2(rh) in (50) for our black
hole we get,
T rt (r → ∞) =
e2Q 2e4αϕ0
4πr2h
+ π
12β2
(51)
Eq. (51) can be compared with the ﬂuxes as obtained from
the black body radiation. Using Planck distribution function for
fermions [44] (avoiding superradiance) as
J±(ω) = 1
[exp(ω±
eQ e2αϕ0
rh
Th
) + 1]
(52)
the expression of ﬂux of energy–momentum tensor given by
Eq. (51) can be rederived as
T rt =
∞∫
0
ω
2π
dω
[
J−(ω) + J+(ω)]
=
∞∫
0
ω
2π
dω
[
1
(exp(
ω+ eQ e2αϕ0rh
Th
) + 1)
+ 1
(exp(
ω− eQ e2αϕ0rh
Th
) + 1)
]
= e
2Q 2e4αϕ0
4πr2h
+ π
12β2
(53)
Thus Eq. (51) derived from chiral anomaly cancellation gives iden-
tical result as obtained from black body radiation. Our conclusion
is black hole thermal ﬂux is able to cancel the anomaly.
We conclude our analysis with the following observations. If we
consider Euclidean dilaton Ads black hole in the asymptotic limit,
ds2 =
[
1− (1− α
2)Q 21e
2αϕ0
r2
− λ
3
r2
]
dτ 2
+
[
1− (1− α
2)Q 21 e
2αϕ0
r2
− λ
3
r2
]−1
dr2 + r2 dΩ (54)
where Q 21 = iQ is an analytic continuation of the electric charge.
Then following the procedure shown in [53] the expression of area
A and the integral of extrinsic curvature K respectively become,
A = 4πr2β
[
1− (1− α
2)Q 21e
2αϕ0
2
− λ r2
] 1
2
(55)
r 3and∫
K = 8πrβ − 4πβ(1− α2) Q 21e2αϕ0
r
− 4πr3βλ (56)
Thus the expression of energy E is obtained as:
E = −1
8Gl
[
4β
(
1− α2)Q 21 e2αϕ0] (57)
Here l2 = −3
λ
. The above expression clearly brings out the depen-
dence of energy on the dilaton coupling parameter α. The inverse
temperature β = π lrh has been calculated for rh  l. Substituting the
expression of β and using the expression
(
1− α2)Q 21e2αϕ0 = r4h + r2hl2l2 (58)
the energy can be written as
E ≈ − π
4l5
2Gβ3
(59)
The above expression is similar to that for Ressiner–Nordstrom
black hole [53].
It may further be mentioned that through Ads/CFT correspon-
dence our analysis for such black holes should be related to a dual
gauge theory on S2 ⊗ S1 with β (the inverse temperature) being
the period of S1 and l is the radius of S2. A negative energy pro-
portional to β−3 (just as in Eq. (59)) is therefore expected to arise
from the Casimir effect in the quantum ﬁeld theory calculation on
S2 ⊗ S1.
6. Conclusion
We have considered three different approaches to address
Hawking radiation across dilaton anti de Sitter black holes. In de-
riving our results Painlevé coordinate transformation is used in
Parikh-Wilczek’s tunneling method to eliminate the coordinate
singularity. In analogy to the ﬂat black holes, Ads Painlevé co-
ordinate matches with the constant time slices of a global Ads
black hole metric. In Bogoliubov transformation method to ad-
dress Hawking radiation, tortoise coordinate has been introduced.
After normalising Bogoliubov coeﬃcients corresponding to differ-
ent energy modes leading thermal behaviour of radiation spectra
has been obtained. We have plotted horizon radius and also the
temperature of such black holes to examine their dependence on
cosmological constant as well as on charge. We also compare the
expression of Hawking temperature in these two different methods
to establish an equivalence between these two apparently dis-
tinct descriptions of Hawking radiation. Finally we estimate the
Hawking ﬂux through the chiral gauge and gravitational anoma-
lies which exactly matches with the expression of ﬂux calculated
via Bogoliubov transformation approach. This explicitly establishes
equivalence among different approaches that are followed to ex-
plain Hawking radiation. The Hawking ﬂux is shown to increase
exponentially with the dilaton coupling parameter α. The location
of the horizon as well as the Hawking temperature are also shown
to have non-trivial dependence on the dilaton coupling parameter.
Deriving the expression of the speciﬁc heat we have shown that
a two-parameter family namely the cosmological constant and the
dilaton coupling determines the stability of these class of black
holes. Finally obtaining the expressions of energy and extremality
condition we conclude with some comments about the possible
Ads/CFT correspondence in the context of such dilaton anti de Sit-
ter black holes.
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